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a b s t r a c t
An offensive k-alliance in a graph is a set S of vertices with the property that every vertex
in the boundary of S has at least kmore neighbors in S than it has outside of S. An offensive
k-alliance S is called global if it forms a dominating set. In this paper we study the problem
of partitioning the vertex set of a graph into (global) offensive k-alliances. The (global)
offensive k-alliance partition number of a graph Γ = (V , E), denoted by (ψgok (Γ )) ψok (Γ ),
is defined to be the maximum number of sets in a partition of V such that each set is
an offensive (a global offensive) k-alliance. We show that 2 ≤ ψgok (Γ ) ≤ 3 − k if Γ
is a graph without isolated vertices and k ∈ {2 − ∆, ..., 0}. Moreover, we show that
if Γ is partitionable into global offensive k-alliances for k ≥ 1, then ψgok (Γ ) = 2. As
a consequence of the study we show that the chromatic number of Γ is at most 3 if
ψ
go
0 (Γ ) = 3. In addition, for k ≤ 0, we obtain tight bounds on ψok (Γ ) and ψgok (Γ ) in
terms of several parameters of the graph including the order, size,minimumandmaximum
degree. Finally,we study theparticular case of the cartesian product of graphs, showing that
ψok (Γ1 × Γ2) ≥ ψok1 (Γ1)ψok2 (Γ2), for k ≤ min{k1 − ∆2, k2 − ∆1}, where ∆i denotes the
maximum degree of Γi, andψ
go
k (Γ1×Γ2) ≥ max{ψgok1 (Γ1), ψgok2 (Γ2)}, for k ≤ min{k1, k2}.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Since (defensive, offensive and powerful) alliances in graphs were first introduced by Kristiansen et al. [10], several
authors have studied their mathematical properties [1–18]. We are interested in the study of offensive k-alliances
[1,3,6,7,18].We focus our attention on the problemof partitioning the vertex set of a graph into (global) offensive k-alliances.
This problem has been previously studied, for the case of defensive k-alliances, by Shafique and Dutton [14,15] and the
particular case k = −1 has been studied by Eroh and Gera [4,5] and by Haynes and Lachniet [9].
We begin by stating the terminology used. Throughout this article, Γ = (V , E) denotes a simple graph of order |V | = n
and size |E| = m. We denote two adjacent vertices u and v by u ∼ v, the degree of a vertex v ∈ V by δ(v), the minimum
degree by δ and themaximumdegree by∆. For a nonempty set S ⊆ V , and a vertex v ∈ V ,NS(v) denotes the set of neighbors
that v has in S: NS(v) := {u ∈ S : u ∼ v}, and the degree of v in S will be denoted by δS(v) = |NS(v)|. For a set S ⊂ V , we
denote the complement of S in V by S and the boundary of S is defined as ∂(S) :=v∈S NS(v).
A set S ⊆ V is a dominating set in Γ if for every vertex v ∈ S, δS(v) > 0 (every vertex in S is adjacent to at least
one vertex in S). The domination number of Γ , denoted by γ (Γ ), is the minimum cardinality of a dominating set in Γ . For
k ∈ {2−∆, . . . ,∆}, a nonempty set S ⊆ V is an offensive k-alliance in Γ if
δS(v) ≥ δS(v)+ k, ∀v ∈ ∂(S) (1)
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or, equivalently,
δ(v) ≥ 2δS(v)+ k, ∀v ∈ ∂(S).
It is clear that if k > ∆, no set S satisfies (1) and, if k < 2−∆, all the subsets of V satisfy it. An offensive k-alliance S is called
global if it is a dominating set. The offensive k-alliance number of Γ , denoted by aok(Γ ), is defined as theminimum cardinality
of an offensive k-alliance in Γ . Analogously, the global offensive k-alliance number of Γ , denoted by γ ok (Γ ), is defined as the
minimum cardinality of a global offensive k-alliance in Γ . Notice that γ ok (Γ ) ≥ aok(Γ ) and γ ok+1(Γ ) ≥ γ ok (Γ ) ≥ γ (Γ ) for
every k. The offensive k-alliance partition number of Γ , ψok (Γ ), k ∈ {2 − ∆, . . . ,∆}, is defined as the maximum number of
sets in a partition of V such that each set is an offensive k-alliance.
If V can be partitioned into global offensive k-alliances, then there exist a global offensive k-alliance S and a vertex of
minimum degree v such that v ∉ S and δ = δ(v) ≥ 2δS(v) + k. Therefore, if k > δ, then V cannot be partitioned into
global offensive k-alliances. The global offensive k-alliance partition number of Γ , ψgok (Γ ), k ∈ {2 − ∆, . . . , δ}, is defined as
the maximum number of sets in a partition of V such that each set is a global offensive k-alliance. Hereafter we will say that
Πr(Γ ) is a partition of Γ into r (global) offensive k-alliances.
Notice that if every vertex of Γ has even degree and k is odd, or every vertex of Γ has odd degree and k is even, then
every (global) offensive k-alliance in Γ is an offensive (a global offensive) (k + 1)-alliance and vice versa. Hence, in such a
case, aok(Γ ) = aok+1(Γ ), γ ok (Γ ) = γ ok+1(Γ ), ψok (Γ ) = ψok+1(Γ ) and ψgok (Γ ) = ψgok+1(Γ ).
We now introduce an important class of graphs that will provide useful examples in the later sections. Let Zn be the
additive group of integers modulo n and let M ⊂ Zn, such that i ∈ M if and only if −i ∈ M . We can construct a graph
Γ = (V , E) as follows, the vertices of V are the elements of Zn and (i, j) is an edge in E if and only if j − i ∈ M . This
graph is called a circulant of order n and we will denote it by CR(n,M). With this notation, a cycle graph is CR(n, {−1, 1})
and the complete graph is CR(n,Zn). In order to simplify the notation, we will use CR(n, t), 0 < t ≤ n2 , instead of
CR(n, {−t,−t + 1, . . . ,−1, 1, 2, . . . , t}). We emphasize that CR(n, t) is a (2t)-regular graph. Note that, if n is even,
Π2(CR(n, 2)) = {{1, 3, 5, . . . , n− 1}, {2, 4, 6, . . . , n}} is a partition of CR(n, 2) into global offensive 0-alliances; moreover,
if n = 4j,Π4(CR(n, 2)) = {{1, 5, . . . , n−3}, {2, 6, . . . , n−2}, {3, 7, . . . , n−1}, {4, 8, . . . , n}} is a partition of CR(n, 2) into
global offensive (−2)-alliances.
We say that a graph Γ is partitionable into (global) offensive k-alliances if (ψgok (Γ ) ≥ 2) ψok (Γ ) ≥ 2.
2. Partitioning a graph into offensive k-alliances
Proposition 1. For any graph Γ without isolated vertices, there exists k ∈ {0, . . . , δ} such that Γ is partitionable into global
offensive k-alliances.
Proof. If δ ≥ 1 and {X, Y } is a partition of V such that the edge cut-set between X and Y has maximum cardinality, then
X and Y are dominating sets. Moreover, for every xi ∈ X there exists ki ∈ Z, ki ≥ 0, such that δY (xi) = δX (xi) + ki. Taking
k = minxi∈X {ki}, then we have that Y is a global offensive k-alliance in Γ . Analogously we obtain that there exists r ∈ Z,
r ≥ 0, such that X is a global offensive r-alliance in Γ . Therefore, taking t = min{k, r}we conclude that {X, Y } is a partition
of V into two global offensive t-alliances in Γ . 
Corollary 2. Any graph without isolated vertices is partitionable into global offensive 0-alliances.
Theorem 3. If a graph is partitionable into r ≥ 3 global offensive k-alliances, then k ≤ 3− r.
Proof. We suppose that Πr(Γ ) = {S1, . . . , Sr} is a partition of Γ into r ≥ 3 global offensive k-alliances. For every v ∈ Sr
we have
δS1(v) ≥ δS1(v)+ k ≥
r−1
j=2
δSj(v)+ k
≥
r−1
j=2
(δSj(v)+ k)+ k
≥
r−1
j=2
r−1
i=1;i≠j
δSi(v)+
r−1
j=2
k+ k
=
r−1
j=2
δS1(v)+
r−1
j=2
r−1
i=2;i≠j
δSi(v)+ k(r − 1)
≥ (r − 2)δS1(v)+
r−1
j=2
r−1
i=2;i≠j
1+ k(r − 1)
= (r − 2)δS1(v)+ (r − 2)(r − 3)+ k(r − 1).
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Therefore,
0 ≥ (r − 3)δS1(v)+ (r − 2)(r − 3)+ k(r − 1)
≥ (r − 3)+ (r − 2)(r − 3)+ k(r − 1)
= (r − 1)(r − 3+ k),
that is, k ≤ 3− r . 
From Theorem 3 we have that if a graph is partitionable into r ≥ 3 global offensive k-alliances, then k ≤ 0, so we obtain
the following interesting consequence.
Corollary 4. If Γ is partitionable into global offensive k-alliances for k ≥ 1, then ψgok (Γ ) = 2.
From Corollary 2 we have that any graph without isolated vertices is partitionable into global offensive 0-alliances. In
consequence, from Theorem 3 we obtain the following result.
Corollary 5. Let Γ be a graph without isolated vertices. If k ∈ {2−∆, . . . , 0}, then 2 ≤ ψgok (Γ ) ≤ 3− k.
An example of a graph where ψgo0 (Γ ) = 2 is the complete graph Γ = Kn and an example of a graph where ψgo0 (Γ ) = 3
is the cycle graph C3t , t ≥ 1.
2.1. Global offensive k-alliance partition number and chromatic number
In this section, motivated by Corollary 5, we will study the cases ψgo0 (Γ ) = 2 and ψgo0 (Γ ) = 3 and, as a consequence of
the study, we shall show the relationship that exists among the chromatic number of Γ , χ(Γ ), and ψgo0 (Γ ).
We recall that, given a positive integer t , a t-dependent set in Γ is a subset of V such that no vertex in the subset is
adjacent to more than t vertices of the subset. A 0-dependent set in Γ is simply an independent set of vertices in Γ .
Theorem 6. Any set belonging to a partition of a graph into r ≥ 3 global offensive k-alliances is a (−k)-dependent1 set.
Proof. LetΠr(Γ ) = {S1, . . . , Sr} be a partition of Γ into r ≥ 3 global offensive k-alliances. For every v ∈ Sr ,
δS1(v) ≥ δS1(v)+ k ≥ δS2(v)+ δSr (v)+ k
≥ δS2(v)+ δSr (v)+ 2k ≥ δS1(v)+ 2δSr (v)+ 2k.
Therefore, δSr (v) ≤ −k and, as a consequence, Sr is a (−k)-dependent set. Analogously we obtain that Si, 1 ≤ i ≤ r − 1, is a
(−k)-dependent set too. 
Notice that, if k = 0 in the above result, then r = 3 and as a consequence, every set in a partition into three global
offensive 0-alliances is an independent set, so it leads to the following result.
Corollary 7. If ψgo0 (Γ ) = 3, then χ(Γ ) ≤ 3.
A trivial example of a graph where ψgo0 (Γ ) = 3 and χ(Γ ) = 3 is the cycle graph C3 and an example of a graph where
ψ
go
0 (Γ ) = 3 and χ(Γ ) = 2 is the cycle graph Γ = C6.
Remark 8. If Γ is a non-bipartite graph and ψgo0 (Γ ) = 3, then χ(Γ ) = 3.
An example of a graph where χ(Γ ) > 3 and ψgo0 (Γ ) = 2 is the complete graph Γ = Kn with n ≥ 4.
Corollary 9. For any graph Γ without isolated vertices and chromatic number greater than 3, ψgo0 (Γ ) = 2.
Let us see another sufficient condition for the global offensive 0-alliance number to be 2.
Theorem 10. For any graph Γ without isolated vertices containing a vertex of odd degree, it is satisfied that ψgo0 (Γ ) = 2.
Proof. By Corollary 2 and Corollary 5 we have 2 ≤ ψgo0 (Γ ) ≤ 3. Let us suppose {S1, S2, S3} is a partition of Γ into global
offensive 0-alliances. Without loss of generality, let us suppose S1 contains a vertex v of odd degree. From Theorem 6 we
have δS1(v) = 0. As S2 and S3 are global offensive 0-alliances, we obtain δS2(v) ≥ δS2(v) = δS3(v) ≥ δS3(v) = δS2(v); in
consequence, δ(v) = δS2(v)+ δS3(v) = 2δS2(v), a contradiction. 
Note that Theorem 10 is equivalent to saying that if ψgo0 (Γ ) = 3, then every vertex in Γ has even degree. As a
consequence, for k odd, every partition of Γ into (global) offensive k-alliances is a partition of Γ into (global) offensive
(k+ 1)-alliances and vice versa.
Corollary 11. If ψgo0 (Γ ) = 3 and k is odd, then aok(Γ ) = aok+1(Γ ), γ ok (Γ ) = γ ok+1(Γ ), ψok (Γ ) = ψok+1(Γ ) and ψgok (Γ ) =
ψ
go
k+1(Γ ).
1 We recall that, by Theorem 3, if r ≥ 3, then k ≤ 0.
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2.2. Bounds on ψok (Γ ) and ψ
go
k (Γ )
From the following relation between the offensive k-alliance number and the offensive k-alliance partition number, we
obtain that lower bounds on aok(Γ ) lead to upper bounds on ψ
o
k (Γ ):
aok(Γ )ψ
o
k (Γ ) ≤ n.
It was shown in [7] that aok(Γ ) ≥

δ+k
2

; hence
ψok (Γ ) ≤


2n
δ + k

, δ + k even
2n
δ + k+ 1

, δ + k odd.
This bound is attained, for instance, for every δ-regular graph, δ ≥ 1, by taking k = 2 − δ. In such a case, each vertex is an
offensive (2− δ)-alliance and ψok (Γ ) = n. Another example is Γ = CR(8, 2)where {1, 2, 5, 6} and {3, 4, 7, 8} are (global)
offensive 2-alliances and the above bound leads to ψo2 (Γ ) ≤ 2.
Analogously, lower bounds on γ ok (Γ ) lead to upper bounds on ψ
go
k (Γ ):
γ ok (Γ )ψ
go
k (Γ ) ≤ n.
For instance, it was shown in [1] that γ ok (Γ ) ≥ ⌈ 2m+kn3∆+k ⌉; hence
ψ
go
k (Γ ) ≤

n 2m+kn
3∆+k
 .
This bound is attained, for instance, for the circulant graph CR(n, 2) for k = −2 and, if n = 3j, it is also attained for
k ∈ {−1, 0}. In this example, as with all examples in this article using ψgok (CR(n, 2)), the reader is referred to the Appendix
for the proof.
Theorem 12. If a graph Γ is partitionable into global offensive k-alliances, then
(i) ψgok (Γ ) ≤

2m−n(k−4)
2n

,
(ii) ψgok (Γ ) ≤

δ−k+4
2

,
(iii) ψgok (Γ ) ≤

4−k+
√
k2+2(δ−k)
2

.
Proof. Let Πr(Γ ) = {S1, S2, . . . , Sr} be a partition of Γ into global offensive k-alliances. Since Si is a dominating set for
every i ∈ {1, . . . , r}, we have that for every v ∈ Si, δSi(v) ≥ r − 2. Thus, the bounds are obtained as follows.
(i) δ(v)− (r − 2) ≥ δSi(v) ≥ δSi(v)+ k ≥ r − 2+ k, so 2m =
∑
v∈V δ(v) ≥ n(2r − 4+ k). Hence, the bound follows.
(ii) If v is a vertex ofminimumdegree δ, there exists Si ∈ Πr(Γ ) such that v ∉ Si; thus, δ = δ(v) ≥ 2δSi(v)+k ≥ 2(r−2)+k.
(iii) As above, if v is a vertex of minimum degree δ, there exists Si ∈ Πr(Γ ) such that v ∈ Si; thus, for every j ≠ i,
δ = δ(v) ≥ 2δSj(v)+ k ≥ 2
∑
l≠i,j δSl(v)+ k. Also, as each offensive k-alliance belonging toΠr(Γ ) is a dominating set,
δSl(v) ≥ δSl(v) + k ≥ r − 2 + k. So we obtain δ ≥ 2(r − 2)(r − 2 + k) + k = 2r2 + 2(k − 4)r − 3k + 8 and, as a
consequence, 2r2 + 2(k− 4)r − 3k+ 8− δ ≤ 0. Therefore r ≤ 4−k+
√
k2+2(δ−k)
2 . 
In order to compare (ii) and (iii) for δ ≥ 1, we note that
δ − k+ 4
2
<
4− k+k2 + 2(δ − k)
2
if and only if k < 2 − δ. Examples of equality in above theorem include the following ones. Bound (i) is attained for the
cycle graph C3t where ψ
go
0 (C3t) = 3 and (ii) is attained in the case of the circulant graph Γ = CR(5n, 2) and k = −2 where
ψ
go
−2(Γ ) = 5. For the case of the cube graph Q3 bound (ii) is attained for k = 2, 3 whereψgo2 (Q3) = ψgo3 (Q3) = 2 and bound
(iii) is attained for k ∈ {−2,−1}where ψgo−2(Q3) = ψgo−1(Q3) = 4.
2.3. Bounding the cardinality of the sets belonging to a partition
In this section we obtain bounds for the cardinality of the sets belonging to a partition of a graph into global offensive
k-alliances. To begin with, we present the following lemma, shown in [1], which is necessary for proving Theorem 14.
Lemma 13. Let Γ = (V , E) be a graph. If S ⊂ V is a global offensive k-alliance, then S is a ∆−k2 -dependent set.
Theorem 14. If S belongs to a partition of Γ into global offensive k-alliances, then

n(2δ−∆+k)
∆+2δ+k

≤ |S| ≤  2n∆
∆+2δ+k

.
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Proof. If X is a t-dependent set in Γ , then for every v ∈ X , δ(v)− δX (v) ≤ t . Thus,
∆(n− |X |) ≥
−
v∈X
δX (v) =
−
v∈X
δX (v) ≥
−
v∈X
(δ − t) = |X |(δ − t).
Hence,
|X | ≤ n∆
∆+ δ − t . (2)
Now, if S belongs to a partition of Γ into global offensive k-alliances, then {S, S} is a partition of Γ into two global
offensive k-alliances and, by Lemma 13, it is also a partition of V (Γ ) into two

∆−k
2

-dependent sets. Therefore, by taking
t = ∆−k2  ≤ ∆−k2 in (2) we obtain the upper bound on |S|. The lower bound on |S| is deduced from the upper bound on
|S| = n− |S|. 
The circulant graph CR(n, 2) contains a partition into two global offensive 0-alliances S and S, such that |S| = ⌈ n3⌉ and
|S| = ⌊ 2n3 ⌋, where the bounds of the above theorem are attained.
We recall that the Laplacian spectral radius of a graph Γ is defined as the largest eigenvalue of the Laplacian matrix of Γ .
Theorem 15. Let Γ = (V , E) be a graph with Laplacian spectral radius µ∗. If S belongs to a partition of Γ into global offensive
k-alliances,−δ ≤ k ≤ µ∗ − δ, thenn2 −

n2(µ∗ − k)− 2nm
4µ∗
 ≤ |S| ≤
n
2
+

n2(µ∗ − k)− 2nm
4µ∗
 .
Proof. If S belongs to a partition of Γ into global offensive k-alliances, we know that S and S are global offensive k-alliances
in Γ ; then−
v∈S
δ(v) ≤ 2
−
v∈S
δS(v)− k|S|
and −
v∈S
δ(v) ≤ 2
−
v∈S
δS(v)− k|S|.
Therefore
2m ≤ 4
−
v∈S
δS(v)− kn. (3)
On the other hand, as was shown in [7, Theorem 6],
µ∗ ≥
n
∑
v∈S
δS(v)
|S||S| . (4)
Therefore, by using the expression (3) in (4) we obtain
2m+ nk
4
≤ |S|(n− |S|)µ∗
n
.
By solving the above inequality for |S| and considering that it is an integer we obtain the bounds on |S|. 
The above bounds are attained for the complete graph Kn for n even and k = 1. In this case Kn is partitioned into two
global offensive 1-alliances of cardinality n2 .
2.4. The edge cut-set of a partition of Γ into global offensive k-alliances
Theorem 16. Let Γ be a graph of order n and sizem. If Cgo(r,k)(Γ ) is theminimumnumber of edges having its endpoints in different
sets of a partition of Γ into r ≥ 2 global offensive k-alliances, then
(i) Cgo(r,k)(Γ ) ≥

(r−1)(2m+nk)
4

,
(ii) if r ≥ 3, then Cgo(r,k)(Γ ) ≤

(r−1)(2m−nk)
4(r−2)

,
(iii) if r > 3, then Cgo(r,k)(Γ ) ≤

− nk(r−1)2r−6

.
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Proof. LetΠr = {S1, S2, . . . , Sr} be a partition of Γ into r global offensive k-alliances. The number of edges in Γ with one
endpoint in Si and the other endpoint in Sj is C(Si, Sj) = ∑v∈Si δSj(v) = ∑v∈Sj δSi(v). Hence, taking into account that for
every v ∈ Si, δ(v) ≤ 2δSi(v)− k, we have
2(r − 1)m =
r−
i=1
−
v∈Si
δ(v) ≤ 2
r−
i=1
−
v∈Si
δSi(v)− k
r−
i=1
(n− |Si|)
= 2
r−
i=1
r−
j=1;j≠i
−
v∈Sj
δSi(v)− nk(r − 1)
= 2
r−
i=1
r−
j=1;j≠i
C(Si, Sj)− nk(r − 1)
= 4Cgo(r,k)(Γ )− nk(r − 1).
So, (i) follows. On the other hand if r ≥ 3, since for every v ∈ Si, δ(v) ≥ 2δSi(v)+ k, we have
2(r − 1)m =
r−
i=1
−
v∈Si
δ(v) ≥ 2
r−
i=1
−
v∈Si
δSi(v)+ k
r−
i=1
(n− |Si|)
= 2
r−
i=1
r−
j=1;j≠i
−
v∈Sj
δSi(v)+ nk(r − 1)
= 2
r−
i=1
r−
j=1;j≠i
−
v∈Sj
r−
l=1;l≠i
δSl(v)+ nk(r − 1)
≥ 2
r−
i=1
r−
j=1;j≠i
r−
l=1;l≠i,j
−
v∈Sj
δSl(v)+ nk(r − 1)
= 2
r−
i=1
r−
j=1;j≠i
r−
l=1;l≠i,j
C(Sl, Sj)+ nk(r − 1)
= 4(r − 2)Cgo(r,k)(Γ )+ nk(r − 1).
Therefore, (ii) follows. Finally, as each Si is a global offensive k-alliance, we have
r−
i=1
−
v∈Si
δSi(v) ≥
r−
i=1
−
v∈Si
δSi(v)+ kn(r − 1).
Hence, from the proof of (i)wehave 2Cgo(r,k)(Γ ) =
∑r
i=1
∑
v∈Si δSi(v) and, from the proof of (ii), we have
∑r
i=1
∑
v∈Si δSi(v) ≥
2(r − 2)Cgo(r,k)(Γ ). Therefore, we obtain 2Cgo(r,k)(Γ ) ≥ 2(r − 2)Cgo(r,k)(Γ )+ nk(r − 1). The proof is complete. 
From the above result we have that if ψgok (Γ ) ≥ 3 then ψgok (Γ ) ≤
 6m+nk
2m+nk

. Also, notice that, for k ≤ δ, 2 ≤  6m+nk2m+nk, so
we obtain the following bound on ψgok (Γ ).
Corollary 17. For any graph Γ of order n and size m, ψgok (Γ ) ≤
 6m+nk
2m+nk

.
The above bound is attained, for instance, for the circulant graph CR(5n, 2), where ψgo−2(Γ ) = 5.
3. Partitioning Γ1 × Γ2 into (global) offensive k-alliances
In [1] we can find the following result.
Theorem 18. Let Γi = (Vi, Ei) be a graph of minimum degree δi and maximum degree ∆i, i ∈ {1, 2}. If Si is an offensive
ki-alliance in Γi, i ∈ {1, 2}, then, for k = min{k2 −∆1, k1 −∆2}, S1 × S2 is an offensive k-alliance in Γ1 × Γ2.
From the above result we deduce that a partition
Πri(Γi) = {S(i)1 , S(i)2 , . . . , S(i)ri }
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of Γi into ri offensive ki-alliances, i ∈ {1, 2}, induces a partition of Γ1 × Γ2 into r1r2 offensive k-alliances, with k =
min{k2 −∆1, k1 −∆2}:
Πr1r2(Γ1 × Γ2) =

S(1)1 × S(2)1 · · · S(1)1 × S(2)r2
S(1)2 × S(2)1 · · · S(1)2 × S(2)r2
...
...
...
S(1)r1 × S(2)1 · · · S(1)r1 × S(2)r2
 .
So, we obtain the following result.
Corollary 19. For any graph Γi of maximum degree∆i, i ∈ {1, 2}, and for every k ≤ min{k1 − ∆2, k2 − ∆1}, ψok (Γ1 × Γ2) ≥
ψok1(Γ1)ψ
o
k2
(Γ2).
For the particular case of the graph C4 × K4, we have ψo−3(C4 × K4) = 8 = 4 · 2 = ψo0 (C4)ψo1 (K4).
Theorem 20. Let Γi = (Vi, Ei) be a graph of order ni and let Πri(Γi) be a partition of Γi into ri global offensive ki-alliances,
i ∈ {1, 2}. If xi = minS∈Πri (Γi){|S|} and k ≤ min{k1, k2}, then
(i) γ ok (Γ1 × Γ2) ≤ min{n2x1, n1x2},
(ii) ψgok (Γ1 × Γ2) ≥ max{ψgok1 (Γ1), ψgok2 (Γ2)}.
Proof. If we consider the setMj = S(1)j × V2 where S(1)j ∈ Πr1(Γ1), for every (u, v) ∉ Mj it is satisfied that
δS(1)j ×V2
(u, v) = δS(1)j (u) ≥ δS(1)j (u)+ k1 = δS(1)j ×V2 (u, v)+ k1,
and thusMj is a global offensive k1-alliance in Γ1 × Γ2. The same argument shows that Nl = V1 × S(2)l is a global offensive
k2-alliance for every S
(2)
l ∈ Πr2(Γ2). Thus, by taking S(1)j and S(2)l of cardinality x1 and x2, respectively, we obtain |Mj| = x1n2
and |Nl| = x2n1, so (i) follows. Moreover, as {M1, . . . ,Mr1} and {N1, . . . ,Nr2} are partitions of Γ1 × Γ2 into global offensive
k-alliances, (ii) follows. 
Suppose Γj is partitionable into global offensive kj-alliances, for kj ≥ 1 and j ∈ {1, 2}. Bound (ii) is attained for
1 ≤ k ≤ min{k1, k2}, where ψgok (Γ1 × Γ2) = 2 = max{2, 2} = max{ψgok1 (Γ1), ψgok2 (Γ2)}. From (ii) we deduce the following
result.
Corollary 21. If a graph Γi of order ni is partitionable into global offensive ki-alliances, i ∈ {1, 2}, then for k ≤ min{k1, k2},
γ ok (Γ1 × Γ2) ≤
n1n2
max{ψgok1 (Γ1), ψgok2 (Γ2)}
.
An example with equality is γ o1 (C4 × K2) = 4·2max{ψgo1 (C4),ψgo1 (K2)} = 4.
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Appendix
The global offensive k-alliance partition number of the circulant graph CR(n, 2) has been used throughout the article. In
this appendix we compute it. To begin with, we emphasize the following two obvious claims.
Claim 22. For the circulant graph Γ = CR(n, 2), γ (Γ ) = ⌈ n5⌉.
Claim 23. Any dominating set in Γ = CR(n, 2) is a global offensive (−2)-alliance.
Remark 24. In the case of the circulant graph Γ = CR(n, 2)we have the following:
(i) Γ is not partitionable into global offensive 3-alliances or global offensive 4-alliances.
(ii) ψgo1 (Γ ) = ψgo2 (Γ ) = 2 if and only if n = 4j.
(iii) ψgo−1(Γ ) = ψgo0 (Γ ) = 3 if and only if n = 3j.
(iv) ψgo−2(Γ ) =

n⌈ n5⌉

.
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Proof. We first emphasize that, since Γ is a 4-regular graph,ψgo−1(Γ ) = ψgo0 (Γ ),ψgo1 (Γ ) = ψgo2 (Γ ) andψgo3 (Γ ) = ψgo4 (Γ ).
So we will only consider the study of ψgok (Γ ) for k = 4, 2, 0,−2. Let us denote the vertices of Γ by {v1, v2, . . . , vn} such
that vi is adjacent to vi−2, vi−1, vi+1, vi+2.
(i) By Corollary 4 we know that if Γ is partitionable into global offensive k-alliances for k ≥ 1, then ψgok (Γ ) = 2. So we
suppose {S1, S2} is a partition of the graph into two global offensive 4-alliances. If vi ∉ Sj, then δSj(vi) = 4 = δ(vi), so
CR(n, 2) is a bipartite graph, a contradiction.
(ii) As above, let us suppose {S1, S2} is a partition of the graph into two global offensive 2-alliances. If vi ∉ S1, then
δS1(vi) ≥ 3. If δS1(vi) = 4, then δS1(vi+1) ≥ 2, so δS2(vi+1) ≤ 2 < δS2(vi+1) + 2, a contradiction. Thus δS1(vi) = 3.
Analogously for S2, if vi ∉ S2, then δS2(vi) = 3.
Now, let vi ∈ S2; if vi−2, vi−1, vi+1 ∈ S1 (or vi−1, vi+1, vi+2 ∈ S1), we obtain that δS2(vi−1) ≤ 2 (or δS2(vi+1) ≤ 2),
which is a contradiction. Therefore, if vl, vl+1 ∈ S1, then necessarily, vl+2, vl+3 ∈ S2 and this is possible if and only if
n = 4j.
(iii) Let us suppose n = 3j. So, the sets {v1, v4, . . . , vn−2}, {v2, v5, . . . , vn−1} and {v3, v6, . . . , vn} form a partition of Γ into
three global offensive 0-alliances; therefore ψgo0 (Γ ) ≥ 3. From Corollary 5, we have that ψgo0 (Γ ) ≤ 3, so ψgo0 (Γ ) = 3.
On the contrary, let us supposeψgo0 (Γ ) = 3; then by Theorem6 and Remark 8 each alliance of the partition is amaximal
independent set and the chromatic number of Γ is 3, so there exist three color classes among the vertices of Γ , v˙1, v˙2
and v˙3, which contain those vertices with subindexes congruent to 1, 2 and 3, respectively, and hence vn belongs to the
class v˙3.
(iv) We have thatψgo−2(Γ )γ
go
−2(Γ ) ≤ n; now, by using Claims 22 and 23, we obtainψgo−2(Γ ) ≤

n
⌈ n5 ⌉

. By taking q =

n
⌈ n5 ⌉

,
let us form a partition of the graph into q dominating sets. Note that 2 < q ≤ 5. Hence, we have the following cases:
Case 1: q = 5 if and only if n = 5j, j ∈ Z+. The sets {v1, v6, . . . , vn−4}, {v2, v7, . . . , vn−3}, {v3, v8, . . . , vn−2},
{v4, v9, . . . , vn−1} and {v5, v10, . . . , vn} form a partition of Γ into five dominating sets.
Case 2: q = 4 if and only if n ≠ 6, 7, 11, 5j, j ∈ Z+. So, if n = 4j+ r , r ∈ {0, 1, 2, 3}, then Pr is a partition of Γ into
dominating sets:
P0 = {{v1, v5, . . . , vn−3}, {v2, v6, . . . , vn−2}, {v3, v7, . . . , vn−1}, {v4, v8, . . . , vn}},
P1 = {{v1, v6, v10, v14..., vn−3}, {v2, v7, v11, v15, . . . , vn−2},
{v3, v8, v12, v16, . . . , vn−1}, {v4, v5, v9, v13, . . . , vn}},
P2 = {{v1, v6, v11, v15, v19, . . . , vn−3}, {v2, v7, v12, v16, v20, . . . , vn−2},
{v3, v8, v13, v17, v21, . . . , vn−1}, {v4, v5, v9, v10, v14, v18, . . . , vn}},
P3 = {{v1, v6, v11, v16, v20, v24, . . . , vn−3}, {v2, v7, v12, v17, v21, v25, . . . , vn−2},
{v3, v8, v13, v18, v22, v26, . . . , vn−1}, {v4, v5, v9, v10, v14, v15, v19, v23, . . . , vn}}.
Case 3: q = 3 if and only if n = 6, 7, 11. In these cases, P6 = {{v1, v2}, {v3, v4}, {v5, v6}}, P7 = {{v1, v4}, {v2, v5},
{v3, v6, v7}} and P11 = {{v1, v4, v7, v11}, {v2, v5, v8, v10}, {v3, v6, v9}} form partitions into three dominating sets.
Therefore, by using Claim 23 we conclude the proof. 
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